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1 Structure of the Implementation

The algorithms developed in [5] have been implemented in ANSI C [4]. The general problem
tackled is
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where J = {1,...,p—ps}, J*" = {p—ps+1,...,p}, pis the total number of scalar objectives
and sets of sequentially related objectives, p,,. is the number of sets of sequentially related
(SR) objectives, I = {1,...,my, — Mps-}, [ = {m,, — mper + 1,....mp}, I* = {m, +
Looooymy —myg }, 1% = {m; —mye +1,...,m; }, m; is the total number of scalar inequality
constraints and sets of sequentially related constraints, m,, is the total number of nonlinear
scalar nequality constraints and sets of nonlinear sequentially related constraints, m,,, is
the number of sets of nonlinear sequentially related constraints, my,,. is the number of sets
of affine sequentially related constraints, a;_,,, € R", b;,_,, € R, j € I?, a;_,, : 2% — R",
and bj_,,, 1 2% — R, j € I*". Finally, I"™ = {1,...,my} and 1% = {m,. + 1,...,m.},
where m,,, is the number of nonlinear equality constraints, m, is the total number of equality
constraints, and ¢;_p,,. € R", dj_,,. €R, 7 € I°.

The implementation, which we will call RESQP (for reduced FSQP) follows the basic
structure given in Figure 1. The user provides a main program (main() in the figure)
which sets up the problem to be solved and calls rfsqp(). Whenever the algorithm requires
objective and constraint values, and their gradients, it calls the user-defined functions which
compute these quantities (obj (), constr(), gradob(), and gradcn() in the figure). RFSQP
calls the user-defined functions once for each scalar (objective or constraint) evaluation. This
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is in contrast to many optimization algorithm implementations which make one call to a user-
defined function for all objective or constraint values. Note that the gradients need not be
provided by the user, the implementation allows the user the option of letting it compute
gradients via finite differences (see the end of this section). We allow the user to tune the
algorithm parameters by changing them in the header file param.h (see Section 2). Finally,
in order to solve the QP and LS sub-problems, the implementation calls the solver QLD
(q1d () in the figure) due to Powell and Schittkowski [8]. The interface to the QP solver is
designed so that a user could relatively easily use a QP solver other than QLD.
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Figure 1: Structure of the implementation.

The calling sequence to rfsqp() in main() is

inform = rfsqp(nparam,nf,nineq,nineqn,nfsr,ncsrn,ncsrl,neq,neqn,
mesh_pts,iprint,miter,eps,epseqn,bigbnd,x,bl,bu,f,g,
lambda,obj,constr,gradob,gradcn) ;

The input and output parameters are defined as follows

nparam (Input) Number of free variables, i.e., n in the problem statement.



nf (Input) Number of objective functions, i.e. p in the problem statement. Note that one
set of SR objectives counts as one objective.

nineq (Input) Total number of inequality constraints, i.e., m; in the problem statement.
Note that one set of SR constraints counts as one constraint.

nineqn (Input) Total number of nonlinear inequality constraints, i.e. m, in the problem
statement.

nfsr (Input) Number of sets of SR objectives, i.e. pg,. in the problem statement. Must be
less than or equal to nf.

ncsrn (Input) Number of sets of nonlinear SR constraints, i.e. m,, in the problem state-
ment. Must be less than or equal to nineqn.

ncsrl (Input) Number of sets of affine SR constraints, i.e. myg, in the problem statement.
Must be less than or equal to nineq - nineqn.

neq (Input) Total number of equality constraints, i.e., m, in the problem statement.
neqn (Input) Number of nonlinear equality constraints.

mesh pts (Input) Integer array containing the number of elements in each (i) SR objective
set, (4i) nonlinear SR constraint set, and (i77) affine SR constraint set.

iprint (Input) Indicates amount of information to display during execution.

iprint = 0 Display nothing.
iprint = 1 Display all important output information after the final iteration.
iprint = 2 Display same information as for iprint = 1 at every iteration.

iprint = 3 Dump most of the important internal variables at every iteration. Used
for debugging.

niter (Input) Maximum number of iterations.
eps (Input) Stopping criterion, norm requirement on the search direction dp.

epseqn (Input) Stopping criterion, requirement on the sum of the absolute values of the
nonlinear equality constraint values.

bigbnd (Input) Used in places where “infinity” is called for, e.g. for simple bounds in QP
sub-problems where there are no simple bounds.

x (Input/Output) Double precision array which, on input, contains the user’s initial guess,
i.e. xp, and, on output, contains the computed optimal solution.

bl (Input) Double precision array containing lower bounds on the variables z, i.e. z¢ from
the problem statement.



bu (Input) Double precision array containing upper bounds on the variables z, i.e. z* from
the problem statement.

f (Output) Double precision array which, on output, contains the values of all (in the order
specified by the problem statement) scalar objective functions at the solution.

g (Output) Double precision array which, on output, contains the values of all (in the
order specified by the problem statement) scalar constraints at the solution.

lambda (Output) Double precision array which, on output, contains the values of all multi-
plier estimates in the order (i) simple bounds (nparam values since only nparam simple
bounds could be active at the solution), (ii) objective functions, and (7ii) constraints.

obj (Input) Pointer to a function computing the values of the objective functions.

void
obj(int nparam, int j, double *x, double *fj)
{
/*
for given j, assign to *fj the value of the
(j+1)st objective evaluated at x
*/
return,

}
Each member of a set of sequentially related objectives is assigned a unique value of j.
constr (Input) Pointer to a function computing the values of the constraint functions.

void
constr(int nparam, int j, double *x, double *gj)
{
/*
for given j, assign to *gj the value of the
(j+1)st constraint evaluated at x
*/
return,

+

Each member of a set of sequentially related constraints is assigned a unique value of
J-



gradob (Input) Pointer to a function computing the gradient of the objective functions.
Setting gradob = NULL causes RFSQP to use finite difference gradients.

void
gradob(int nparam, int j, double *x, double *gradfj)
{
/*
for i=1 to nparam assign to gradfj[i-1] the
partial derivative of the (j+1)st objective
with respect to the ith parameter evaluated at x
*/
return;

}
Objective indexing must follow exactly that in obj ().

graden (Input) Pointer to a function computing the gradient of the constraint functions.
Setting gradcn = NULL causes RFSQP to use finite difference gradients.

void
gradcn(int nparam, int j, double *x, double *gradgj)
{
/*
for i=1 to nparam assign to gradgjl[i-1] the
partial derivative of the (j+1)st constraint
with respect to the ith parameter evaluated at x
*/
return,;

}
Constraint indexing must follow exactly that in constr ().
inform (Output) Indicates status of execution.

0 Normal termination.

inform

inform = 1 Failure in the QP solver.

inform = 2 Failure in the line search. The step size {; is smaller than the machine
precision.

inform = 3 Maximum number of iterations maxit reached.

inform = 4 Unable to generate a feasible initial point for nonlinear nequality con-
straints (see Section 3).

inform = 5 Unable to generate a feasible initial point for affine constraints (see Sec-
tion 3).



In the event that the user passes a NULL pointer for gradob() and/or graden(), the
implementation will compute the gradients via forward finite differences. At iteration £ let

z¢ denote the ith component of the iterate z. Define the perturbations §; € R", i =1,...,n,
as ,
5J é { \/a max{l, |{L';€|}, .7 = ia
! 0, otherwise,

where, as usual, €, denotes the machine precision. Then, for an objective f;, we use the

approximation
Of;  filax +0:) — fi(ze)
O’ [10:

A similar expression is used for constraints.

2 Parameter File (param.h)

Algorithm parameter values and options are set in the file param.h, which may be edited by
the user. For a more complete description of the algorithm parameters, see [5]. The available
parameters and options are given in Table 1.

There may be times where it would be preferable to use a full QP model for d, as is done
in [7], instead of the least squares problem we use by default. This may be the case, for
example, if function evaluations are very expensive. In such a situation, it is important to
use the best possible model of the problem at each iteration in order to (i) reduce the total
number of iterations, and (i7) increase the likelihood that a full step of one will be accepted
in the line search. Both properties have the effect of reducing the total number of function
evaluations. The implementation RFSQP allows the user the option of using a full QP for d
by setting the paramter LS_DTILDE to 1.

At each iteration of our algorithms, in order to solve the QP and the two least squares
problems, the solver(s) must typically perform a Cholesky decomposition (see [3]) of the
Hessian estimate Hj, i.e. compute

Hy = RI Ry,

where Ry, € R™ " is upper triangular. Of course, repeating this procedure (which requires
O(n?®) operations) three times is wasteful, especially for problems where n is large. Thus,
it would be ideal if we could maintain and update the Cholesky factor Rj instead of Hj
itself. Several authors (see, e.g., [2, 1]) have proposed schemes for performing rank-two
updates (such as the BFGS update) on the Cholesky factors of a positive definite matrix. In
the implementation RFSQP we use the approach from [1]. Of course, this update is more
expensive computationally than directly updating Hj, but the savings gained by not having
to perform Cholesky factorizations in each of the three sub-problems outweighs the increase
in computation required for the update. Our implementation RFSQP gives the user the
option (through the paramter CHOLESKY) of either updating Hj directly, or the Cholesky
factor Ry,.

QP w t t The QP solved at one iteration of RFSQP is similar to that solved
at the previous iteration. It is typical that the active set at the solution of one QP is similar
or identical to that at the solution of the previous QP. It this information is exploited to
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u
E S_TOL 0, ) 1 10~ | Feasibility tolerance for
equality constraints
ET .0 0, ) 1 10~ o in [5]
C.0 0, ) 1 o in [5]
c. I 0, ) 1 1072 | _in [5]
C_ (cct, )| 1 108 in [5]
C_ CTO (1, ) 10 5 in [5]
T 2,3) 2.5 in [5]
LS_DTILDE {0,1} 1 If 1, solve for d via a least squares
problem instead of a full QP
L H (0,1 2) 0.1 in the Armijo line search criterion
ET (0,1) 0.5 in the Armijo line search criterion
DELT _S 1 10~ | ¢ in [5], Chapter 5
E SILO _S 1 ¢¢ in [5], Chapter 5
SE. LL {0,1} 0 If 1, override use of SR algorithm
E S_CT {0,1} 0 If 1, use a simple e-active strategy
instead of the SR algorithm
E S_.CTE S 0, ) 0.1 e for the p i n-active SR strategy
(only used if E S_ CT is 1)
CHOLESKY {0,1} 0 If 1, maintain and update Cholesky
factors of the Hessian approximation
S _TIE de ed | If defined, display the CPU
execution time upon completion
SE_. 0T u de ed | If defined, use QPOPT (not
provided) to solve the sub-problems

Table 1: User-adjustable (through the header file) algorithm parameters

speed up the solution of the QP, it is said that a “warm start” is used. The default QP

solver provided with RFSQP, QLD, does not have warm start capability, but other QP

solvers do. Omne such is QPOPT, distributed by Stanford Business Software, Inc. The

RFSQP distribution includes an interface that allows to incorporate QPOPT painlessly: see
SE_ 0 Tin Table 1.

Infea 1 le Initial Point

Note that in the algorithm descriptions [5], it is assumed that the user specifies an initial
guess that satisfies all inequality constraints and affine equality constraints. Here we refer
to such points as “feasible”. Initial feasibility is a restrictive assumption, in general, and
an implementation should be able to deal with an infeasible initial guess. In this section



we discuss the approach used in RFSQP to generate a feasible initial point. We follow the
approach used in CFSQP/FFSQP [ | |.

Let xg denote the initial guess provided by the user. The first step is to check all affine
constraints to see if they are satisfied. If not, then we solve the following convex QP

min ()

st. ' <zo+ <azv
(@j—mn,To+ ) = bjom, <0, jeEI
(@ (&), 20+ ) — bjmm, (§) <0, E€E9, jelvwr
<Qj —mp > bj—mn = 0, ] € I¢.

Note that this QP is consistent if, and only if, a point exists which satisfies all of the
affine constraints for the original problem. If so, then the unique solution of the QP is the
smallest perturbation of the initial guess provided by the user which is feasible for the affine
constraints. Letting  denote the solution, we set z, = zo +

The next step is to check whether x, satisfies all nonlinear constraints. If so, then we may
proceed with z, as the initial point. Otherwise, we iterate (using the algorithms presented
in [5]) on the problem

m]%n max{maxgz( ) max maxgz(a: &)}
Ie n nsr

s.t. é <z < x¥
(A s @) = bj o, <0, j€I°
(@jmny (€), @) = bjmn, (€) <0, E€E%, jel»,
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using z, as the initial point. Of course, it is not necessary to iterate on this problem until
a T point is detected. Instead, after the line search in each iteration k£ is performed, we
check to see whether

() 2 max{max g;(zx ), max max gi(zgy . &)} <0.
i n ie nsr g

If so, then we immediately stop, set z, =z, , and begin iterating on the original problem
using x, as the feasible initial point.
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