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Abstract. Extension of quasi-Newton techniques from unconstrained to constrained
optimization via Sequential Quadratic Programming (SQP) presents several difficulties.
Among these are the possible inconsistency, away from the solution, of first order approx-
imations to the constraints, resulting in infeasibility of the quadratic programs; and the
task of selecting a suitable merit function, to induce global convergence. In the case of
inequality constrained optimization, both of these difficulties disappear if the algorithm is
forced to generate iterates that all satisfy the constraints, and that yield monotonically
decreasing objective function values. (Feasibility of the successive iterates is in fact re-
quired in many contexts such as in real-time applications or when the objective function
is not well defined outside the feasible set). It has been recently shown that this can be
achieved while preserving local two-step superlinear convergence. In this note, the essen-
tial ingredients for an SQP-based method exhibiting the desired properties are highlighted.
Correspondingly, a class of such algorithms is described and analyzed. Tests performed
with an efficient implementation are discussed.
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1. Introduction
Consider the optimization problem

(P) min f(z) st.zeX

where X = {z s.t. g(x) <0}, with f: IR" - R and g : R" — IR™ smooth functions.

In its simplest version, given estimates x of the solution of (P) and H of the Hessian
of the corresponding Lagrangian function, the Sequential Quadratic Programming (SQP)
iteration consists of first computing a search direction d° by solving the quadratic program

min (%, Hd®) + (Vf(2), &)

st. g;(x) +(Vg;(x),d’) <0, j=1,...m

(1.1)

and then performing a search along d°. Two difficulties (among others) that arise in
connection with this iteration are (i) the possible inconsistency of the constraints in (1.1)
and (ii) the problem of selecting a suitable criterion for the line search (essentially, a
suitable merit function). These questions have been the object of intense research and
various avenues have been proposed to address them (see, e.g., [2], [3], [5], [7], [12], [14])-

In this note we explore the point of view that, if the algorithm is somehow forced to
construct iterates x that satisfy the constraints, then (1.1) will always be feasible and it
will be possible to base the line search on a decrease of the objective function f itself, thus
addressing both of the aforementioned difficulties. Accordingly, we wish to enforce on the
sequence of iterates {z)} the conditions

T € X (1.2)

f(@rg1) < flx) - (1.3)

These two conditions (especially (1.2)) turn out to be important in their own right in many
contexts, e.g., (i) when the objective function is not well defined outside the feasible set
or (ii) in real-time applications, when it is crucial that a feasible solution be available at
the next “stopping time”. It was recently shown that it is indeed possible to satisfy (1.2)
and (1.3) while preserving the local two-step superlinear convergence of the quasi-Newton
SQP iteration [10]. The algorithm proposed in [10] suffers from some drawbacks, however,
namely its relative complexity and the possible repeated switching between a modified SQP
direction and a first order direction resorted to when the former is deemed unsuitable. It
will be shown below that one can devise significantly simpler SQP-type algorithms that
exhibit properties (1.2) and (1.3). The essential ingredients for achieving this goal will be
highlighted and a corresponding class of algorithms will be described and analyzed.

Let € X be an estimate of a solution z* of Problem (P) and let H be a symmetric
positive definite approximation of the Hessian of the Lagrangian function. Let d° be the
corresponding SQP direction, i.e., the solution of the quadratic program (1.1). (Note
that, since g(x) < 0, (1.1) now always has a solution.) It is readily checked that d° is a
descent direction for f at z. However, d° may not be a feasible direction at x since (1.1)
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allows (Vg,(z),d") = 0 for active constraints. Also, even when d° is feasible, a line search
enforcing (1.2) and (1.3) may not allow a full step of one to be taken in a neighborhood of
a solution and thus superlinear convergence may never take place. The main contribution
of this note is a demonstration that these difficulties can be circumvented by means of
two simple mechanisms corresponding to successively “tilting” and “bending” the search
direction.

First d° will be replaced by a convex combination d = (1 — p)d® + pd! of d° and
some (essentially arbitrary) feasible descent direction d'. To ensure that d inherits the
quasi-Newton character of d°, we will force p to go to 0, fast enough, as a solution z*
is approached. Second, we will “bend” d, i.e., we will perform a search along an arc
x + td + t?d. This is because, even close to z*, x + d may violate both feasibility and the
descent requirement. Correction d will be selected in such a way that, (i) in a neighborhood
of z*, 4+ d + d will be feasible and satisfy f(z +d +d) < f(z), and (i) d + d will
converge to d as x* is approached, so as to preserve the quasi-Newton character of the
iteration. Many different formulas for constructing p and d are suitable. We will identify
corresponding sufficient conditions and will establish global convergence as well as local
two-step superlinear convergence of the resulting algorithms.

The balance of this note is organized as follows. A class of algorithms is presented in
Section 2. Convergence results are briefly reported in Section 3. Implementation details
as well as some numerical results are discussed in Section 4. Section 5 is devoted to
concluding remarks. Many of the results given in Section 3 are stated without proof as
they are essentially identical to results in [10]. To avoid any loss of continuity, other proofs
are given in an appendix.

2. A class of algorithms
The following is assumed to hold.
A1. The feasible set X is nonempty.
A2. The functions f, g;, j =1,...,m are continuously differentiable.
A3. For all z € X, the vectors {Vyg,(x), j € I(z)} are linearly independent, where

I(x) = {j | gj(x) = 0}.

A point z* is said to be a Karush-Kuhn-Tucker (KKT) point for (P) if 2* € X and
there exit some nonnegative multipliers pj, j = 1,...m satistying

V.L(x*,u*)=0

and
p;9;(z*) =0, j=1,...m

where L(z, ) denotes the Lagrangian function
L(z,p) = f(z) + > nig;(w).
i=1
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The point z* is said to satisfy second order sufficiency conditions with strict complementary
slackness if (i) the multipliers satisfy p > 0,V j € I(z*) and (ii) f, g5, =1,..., m are
twice continuously differentiable and the Hessian of the Lagrangian function V, L(z*, u*)
is positive definite on the subspace {p | (Vg;(z*),p) =0, V j € I(z*)}.

As indicated in the introduction three quantities used in Algorithm 2.1 below will be
unspecified but subject to certain restrictions. First, the feasible descent direction d' will
be obtained for the current iterate x via a continuous map d'(-) : R™ — IR" satisfying

d'(z) = 0 if z is a KKT point (2.1)
(Vf(z),d*(z)) <0 if z is not a KKT point (2.2)

and
(Vgj(z),d(x)) < 0 if = is not a KKT point and j € I(z). (2.3)

(Continuity is only assumed for sake of simplicity; the results hold with milder assump-
tions.) Such a direction can, for example, be obtained as the solution of

min a2 + max{(Vf(s), d'); max{g;(a) + (Vas(a),d)} ) (2.4)

Second the coefficient p in the convex combination determining d will be computed, given
d®, via a map p(-) : R™ — [0,1] such that p(d®) = 1 (so that d = d') when ||d°|| is larger
than some given threshold, p(d°) is bounded away from zero outside every neighborhood

of zero and, for ||d°|| small,
p(d°) = O(||d°|*) - (2.5)

For example, for v > 2, min(1, ||d°]|*) and [|d°||¥/(1 + ||d°||*) (with the value 1 if ||d°|| is
very large) both satisfy these conditions. While we had merely indicated that p should go
to 0 as ||d°|| does, the more stringent condition (2.5) will be necessary for the line search
along z + td + t2d to asymptotically yield a step of one. Finally, the goal of correction d
is to make z + d + d a suitable next iterate when z is close to a solution. Thus it must
be small compared to d while ensuring g(z +d+d) < 0 and f(z +d +d) < f(z). Given
a current iterate x, a direction d and a positive definite estimate H of the Hessian of the
Lagrangian, we select d = d(z,d, H), defined to be the solution of the quadratic program

; 1 ~ ~ -
m;n §<d+d,H(d+d))+~<Vf(a:),d+ d) (26)
st. gj(z+d)+ (Vgj(z),d)y < —|ld||", j=1,..., m

if it exists and has norm less than min{||d||,C'}, where C is a given large number, and
d(z,d, H) = 0 otherwise. Here, 7 €(2,3) is preselected. Note that (2.6) will likely yield
better results than, say,

min  _||d]®
i 2
s.t. gj(@+d) +(Voj(@),d) = —ld|", Vi€ {j|gj(x)+(Vgj(x),d°) = 0},
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inspired by [9] and used in [10], since the former uses a (refined) model of (P) rather than
merely a refined model of the active constraints.

Algorithm 2.1

Parameters. o € (0,3), B € (0,1).

Data. zo € X, Hy € IR™*", symmetric positive definite.
Step 0. Initialization. Set k = 0.

Step 1. Computation of a search arc.

i. Compute dY by solving the quadratic program

1
min 5<d°, Hyd®) + (Vf(zk),d")

S.t. gj(xk:) + <ng(l'k), d0> <0, j=1,...m.

(2.7)

If d2 = 0 stop.
i. Let d} = d(zk), pr = p(dY) and set d, = (1 — pg)d} + prd;.

iii. Let dy = d(x, dg, Hy,).
Step 2. Arc search. Compute ty, the first number ¢ in the sequence {1, 3, 32, - - -} satisfying

f @ + tdy + t2dg) < f(or) + ot(Vf(xk), di) (2.8)

gj(xk—l—tdk +t2dk) <0, j7=1,...m. (29)

Step .  pdates. Compute a new symmetric positive definite approximation Hg1 to the
Hessian of the Lagrangian. Set zg41 = x + txdi + tidk. Set k =k + 1. Go back to
Step 1. ]

3. Convergence results

3.1. lobal convergence
In order to prove convergence of Algorithm 2.1, we will assume that the matrices Hy
are bounded, i.e.,
|Hg|| < H, Vk (3.1)

for some H > 0. The first result is that the algorithm is well defined. This follows from
Propositions 3.1 and 3.2 below.

Proposition .1. Direction d is always well defined and is equal to zero if, and only if, zy
is a KKT point for (P). In particular, if Algorithm 2.1 stops at Step 1.7, then xy, is a KKT
point. If z is not a KKT point, d} satisfies

(Vf(zy),dy) <0 (3.2)

and
(ng(xk),dg) <0, Vjel(xy). (3.3)
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]
Assume now that the algorithm never stops in Step 1.i. The next result is standard for
feasible descent directions. In view of (3.2)-(3.3) and of the properties of d!(-), it applies
here since p(d®) > 0 whenever d° = 0.

Proposition .2. The line search yields a step t; = 3/ for some finite j = j(k). ]
Establishing global convergence presents no conceptual difficulty.

Proposition . . Let x* be an accumulation point of the sequence generated by Algorithm
2.1. Then, z* is a KKT point for (P). |

3.2. ate of convergence
We now assume some additional regularity for the functions involved. Assumption A2
is replaced by the following.
A2 . The functions f and g;, j = 1,...m are three times continuously differentiable.
Assumptions Al and A3 are still assumed to hold. We also assume that there exists a
scalar H > 0 such that, for all k, the Hessian estimates satisfy

(d,Hyd) > H||d||*>, VdeR". (3.4)

Under these assumptions, the following can be shown.
Proposition . . If some accumulation point z* of the sequence generated by Algorithm
2.1 satisfies the second order sufficiency conditions with strict complementary slackness,
then the entire sequence converges to x*. |
In the sequel, we assume that the sequence generated by the algorithm converges to

such a point x*. As a first consequence of this, the search direction converges to zero, the
multipliers converge to p* and the active constraints are eventually correctly identified.
Specifically, the following holds.
Proposition

i) o) {dy} =0, ){di} =0, ¢) {dr} — 0.

i) {px} — p*.

ii1) For k large enough,

{5 1 g(wr) +(Vgj(zr),di) = 0} = {j | pn j > 0} = I(z"),

where py, is the multiplier vector associated with the constraints in (2.7). m

A crucial requirement, in order to obtain superlinear convergence, is that a unit step size
be used in a neighborhood of the solution. This is achieved here thanks to the correction
cZk, provided Hj suitably approximates the Hessian of the Lagrangian at x*. Specifically,
let us assume that

| Pe(Hy — V32, L(x*, 1u*)) Prdg|
N\ d|

where p* is the multiplier vector associated with z* and where the matrices Py, are defined
by

—0 ask— (3.5)

Po=I- (& &) " &
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with = [Vg,(zx) | j € I(z*)] €e R®™ © . (Note that, in view of the linear indepen-
dence of the gradients of the active constraints at z*, the matrices ,  are invertible for
k large enough.) This holds, for example, under some conditions, when Hy, is constructed
using the FGS update formula (see [13]).

Proposition . . For k large enough, the step size tj is one. ]

Finally, two-step superlinear convergence follows. The proof is not given as it follows step
by step, with minor modifications, that of [13, Sections 2-3] (see also [16]).

Theorem . . Under the stated assumptions, the convergence is two-step superlinear, i.e.,
T —x*
lim —” ht2 ” | =0.
koo flok — 2
1

. Implementation and Computational periments
An efficient implementation of Algorithm 2.1 has been produced as part of a FOR-
TRAN code dubbed FSQP (available from the authors). ersion 2.3 [17] of FSQP was
used to perform the numerical tests discussed below. In FSQP, dj is the minimizer for the
quadratic program (all norms are Euclidean norms)

Jmin o (df — d',df — &) & max{(V (@), d")s max{g; (22) + (Vo). d D} (5.)

pr is given by

ldpl[* * + max(0.5, [|di[|* )’
and d, is the minimizer for the quadratic program
1 = = =
min _((dx + d), He(dx + d)) + (V f(zx), d)
i 92 (5.3)

s.t. gj(zk + di) + (Vgj(zk), d) < —min(0.01||dg]|, ||dk||2 ), j €Iy

where Ij includes the indexes of all constraints for which the associated multiplier in (2.7)
is positive, as well as those of all constraints for which

gi(@x) = —0.1[Vg;(zn)l| - [ldg]l-

An advantage of (5.1) over (2.4) is that, if the former is used, dj tends to stay close to
the quasi-Newton direction d (and dependence of d}, on dj does not affect the analysis).
Formula (5.2) for py is preferred to the formulae given after (2.5) because di is then less
sensitive to large values of the norm of d}C (and again, dependence on d,1C does not affect
the analysis). Finally, we have used (5.3) instead of (2.6) because the former prevents an
excessive correction when dy, is large, and constraints unlikely to affect dy are not evaluated.
FSQP updates Hj according to the FGS formula with Powell’s modification [12] and H)
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is the identity matrix; and « and @ have values 10  and 0.5 respectively. Next, in our
tests, the quadratic programming subproblems (2.7), (5.1) and (5.3) were solved by means
of subroutine QPSOL ersion 3.2 [6], with the “feasibility tolerance” parameter set to
10 ! . Concerning the line search, FSQP 2.3 pays special attention to the order in which
the functions (objective and constraints) are evaluated. For ¢t = 1, the constraints are
evaluated before the objective and in the order of their indexes, except that all constraints
for which the KKT multiplier in (2.7) is nonzero are evaluated first (and the tests are
terminated as soon as a violation is detected); for ¢ < 1, the same rule is used, except
that the function (objective or constraint) whose violation led to test termination at the
previous trial step is evaluated first. (Note that such a strategy would not be possible with
a penalty function-based line search.) Finally, FSQP 2.3 includes provisions to efficiently
handle affine constraints, and affine equality constraints are also allowed. Specifically in
(2.7), (5.1) and (5.3), affine feasibility is required for zy + d°, xy + d', and zy + d + d,
respectively.

Experiments were conducted on all problems from [8] where a feasible initial point is
provided and no nonlinear equality constraints are present. We tested three algorithms
on those problems: Algorithm 2.1 as implemented in FSQP 2.3, Algorithm A of [10],
and the 1984 version of F02AD [1]. In all cases the stopping criterion was that the
Euclidean norm of the gradient of the Lagrangian (KKT vector), with KKT multipliers
corresponding to quadratic program (2.7), be less than a prespecified small (the value of
this threshold was chosen, for each problem, based on the norm of the final KKT vector
as reported in [8]). The results are summarized in Table 1. (Some results for Algorithm A
are slightly different from those reported in [10] because of a different stopping criterion.)
In that table, No is the number of the test problem in [8], NF is the number of evaluations
of the objective function, NG the number of evaluations of scalar constraint functions,
NIT the number of iterations, F the final value of the objective function, C the final
constraint violation (always 0 for FSQP and A), KKT the Euclidean norm of the final KKT
vector, and EPS the stopping criterion threshold ( ). Finally an asterisk ( ) indicates that
Algorithm A was unable to proceed except possibly by performing a first order iteration,
and a pound sign ( ) indicates termination due to failure of the line search (¢ smaller than
the machine epsilon). All tests were performed in double precision, on a Sun Microsystems
Sparcstation 1.

Locally the iterations for all three algorithms are essentially identical. The main
difference between Algorithm 2.1 and Algorithm A of [10] is a simpler, more rational
scheme for selecting the search direction away from a solution. On this basis, it was hoped
that FSQP would improve on Algorithm A of [7] in many of the instances when the number
of objective function evaluations of the latter seemed unduly large when compared to that
of FO02AD, e.g., for problems 57, 100 and 117. It appears that this is indeed the case.
Also note that FSQP typically outperforms Algorithm A in term of number of constraint
evaluations. Comparison of the results achieved by F02AD and FSQP gives an indication
of the “cost of feasibility”. While, in terms of number of objective function evaluations,

F02AD and FSQP appear to be roughly comparable, the number of constraint function
evaluations, as could be expected, is often larger for FSQP than for FO02AD. This is
especially so when most constraints are active at the solution, as is the case for problems
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12, 29, 30, 31, 34, 66, 93 and 117 (but note that FSQP requires fewer constraints evaluations
than FO02AD in problems 67, 84 and 85, for which only one or two constraints are active
at the solution). It is clearly due to the auxiliary constraint evaluations at points xx + d.
This certainly is an aspect potential users should take into account. Independently of
the number of constraint evaluations, the work per iteration in FSQP is larger than that
in F02AD, as three quadratic programs are solved instead of one. This difference may
not be of concern however in situations where the computer time necessary to solve a
quadratic program is small compared to that needed to perform a function evaluation,
as is often the case in engineering applications. Finally, a peculiar phenomenon occurs
with problem 67. The final objective value achieved by F02AD is larger than the initial
value (—0.868725652 + 03) Such undesirable phenomenon cannot occur with a feasible,
descent method.

. Concluding remar s

We have shown how quasi-Newton SQP-type algorithms generating feasible iterates
with monotone decrease of the objective function can be constructed based on some simple
rules. The search direction d was obtained by perturbing the SQP direction d° with a
feasible descent direction d'. It should be noted that, alternatively, one could use for
d' a mere feasible direction, not necessarily of descent for f. In constructing the search
direction d = (1 — p)d® + pd!, one should then select p small enough for the additional
condition

(Vf(z),d) < (Vf(x),d)

to be satisfied, with € (0,1) a fixed number.

Another quasi-Newton method producing feasible iterates but involving only the solu-
tion of linear systems of equations (rather than quadratic programs) was recently proposed
[11]. In the neighborhood of a solution the work per iteration of the latter and the SQP-
type methods described here is similar, as the set of active constraints of the quadratic
program eventually remains invariant from one iteration to the next. Away from the solu-
tion the tradeoff is that of a more accurate model of the problem (a quadratic program),
likely to yield more efficient steps, versus a reduced amount of work per iteration.

esides the FSQP Fortran batch implementation, Algorithm 2.1 has been integrated
in an interactive optimization-based design package (C code: CONSOLE [4]). To this
end, we had to devise an extension of the algorithm to constrained minimax and semi-
infinite problems. Tests were performed on a variety of engineering system design problems,
ranging from the design of a controller for a rotorcraft to the determination of appropriate
temperature and feed flow profiles for a semi-batch copolymerization reactor. Remarkable
success was achieved, reinforcing our belief that numerical optimization has a bright future
in many areas of engineering design. In particular, we now feel that researchers in control
systems engineering, who have not made significant use of numerical optimization in the
past, will soon accept it as a viable tool.

Appendi . roof of some propositions
We make use of the optimality conditions associated with the solution di of the
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quadratic program (2.7), namely

deg + Vf(zr) + Z,uk iVygj(zr) =0, (.1
j=1
g; () + (Vgj(zr),dp) <0, j=1,...m, (.2)
pr (g5 (k) + (Vaj(ar),dp)) =0, j=1,...m, (-3)
for some nonnegative multipliers py j, 7 =1,...m.

Proof of Proposition .1.
The claims follow easily from (A.1)-(A.3), positive definiteness of Hy and feasibility
of T
Proof of Proposition
Let {zx}r  be any subsequence converging to z*. Two cases are to be considered.
i) The subsequence {d?};  converges to zero. In this case the result follows from an
argument along the lines of the proof of Theorem 3.3 in [10].

i) There exists a subsequence {dJ } and a value d° > 0 such that ||d}| > d°, V& €
. Suppose, by contradiction, that 2* is not a KKT point. Then, from the definition
of the coefficients pi and the fact that p(-) is bounded away from zero outside any
neighborhood of zero, there exists a number p > 0 such that p, > p, V k €
Therefore, using (2.2) and (3.2) and the definition of dj, in Step 1.ii of Algorithm 2.1,
we have

(V(zr), di) < p(V f(zk), dy)- (-4)
Also, in view of (2.7) and the feasibility of the iterates,
(Vgj(r), di) < —gj(zx) + pr(Vygj(xr), di), j=1,...m .
Since, in view of (2.3), of Assumption A2 and of the continuity of d*(-),
(ng(mk),d,lﬂ) <0 Vjel(z")
for k € large enough, it follows that
(Vgj(@e), dr) < —gj(zk) + p(Vg;(zn),di), Vi € I(z") (.5

for k € large enough. In view of the contradiction assumption, of (A.4)-(A.5), and
(2.2)-(2.3) and the continuity of d'(-), there exists therefore a positive value _ such
that, for all k € large enough,

<Vf(xk)a dk) <-,

(Vgi(zg), di) < —_, if j € I(z¥)

and, by continuity of g,
gj(ar) < —_, if j € I(z")
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Also, since d'(-) and d(-,-,-) are bounded on bounded sets and since p(d®) = 1 for
|d°|| large enough, it follows from Step 1 di-iii in Algorithm 2.1 that dy and dj are
bounded. The argument used in Proposition 3.2 of [10] then implies that, in this
case, the step performed by the line search is bounded away from zero. This and the
monotonic decrease of f imply therefore that the objective function is unbounded on
{zr}r ,in contradiction with the continuity of f. M

Proof of Proposition

Under the stated assumptions, the KKT point z* is isolated [15], i.e., for some > 0,
the ball (z*, ) does not contain any KKT point other than z*. Let {zp}x  be any
subsequence converging to x*. Clearly, it is enough to show that

||-77k+1 - .T?k” -0, k— ke . ( .6)

Since f(z) is monotonically decreasing, existence of an accumulation point of {z} and
continuity of f imply that the sequence {f(zg)} is bounded. Also, in view of the line
search stopping criterion, we have

f(@rs1) < f(or) + ate(V f(zr), di).

Therefore, t;(V f(zk), dx) must tend to zero. Since z* is a KKT point, continuity of d*(-),
boundedness of 5 and pg and (2.1) imply that

trordy — 0, k€ . (.7
Also, in view of (A.1)-(A.2) and (3.4),
(Vf(zx). di) < —H||dg]”. (A.8)
Since, in view of the definition of dj in Step 1.ii of Algorithm 2.1,

(Vf(zr),de) = (1 — pr)(V f (@r), dp) + pe(V f (z1), dy),

it follows that
tk(1— pe)H||dR|* -0, k—

Since t; and py are bounded, this implies that
tk(l — pk)dg —0, k€

In view of (A.7) and of the definition of dj we conclude that txdy, — 0,k € . Finally,
since ~
241 — zll < tilldill + | dell < 2tld]l,

the claim holds. |
Proof of Proposition
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Concerning claim ¢) a), proceed by contradiction, i.e., suppose that ||d}|| is bounded
away from 0 on a subsequence. Then, in view of (3.1) and (3.4), there exist some N
and some positive definite matrix H* such that H, — H* ask — , k€ , and ||d}] is
bounded away from zero for k € . Using the same argument as in the proof of Proposition
4.2 in [10], it can then be proven that d) — 0 as k - , k € , a contradiction. Thus
i) a) holds. Claim i) ) holds due to property (2.1) and continuity of the search direction
function d'(-) and the fact that z* is a KKT point. Finally, i) ¢) is satisfied in view of the
definition of dg, and of the properties of p(-). Parts i7) and i4i) can be shown in the same
way as in the proof of Proposition 4.2 in [10]. |

The following two lemmas are used below, in the proof of Proposition 3.6.
Lemma A.1. ([10, Lemma 4.4]) There exists some constant C > 0 such that, for £k large
enough,

Z pr 95 (xe) < —C( Z g9i(zr)?)".

Lemma A.2. The search direction dj, can be decomposed into di = Prdy + d;, with

ldill <CC D 9i(=)®)” + (IdR11%)
7 T
for k£ large enough, for some C' > 0.
Proof.

In view of Proposition 3.5 i), for k large enough, direction dY satisfies
k dy = — &

where f is an |I(z*)|-vector whose components are the values g;(zy) for j € I(z*). One
can thus rewrite dj as

dy = Prdy + dY,
with
dg:— k( k k) 1k-
This implies that, for k£ large enough,

ldy | < ¢ > gi@)?)’

7 T

for some C. The claim then follows from the fact that, in view of the definition of di, the
properties of p(-) and Proposition 3.5 i), we have d, = d + (||d}]?)- M

Proof of Proposition
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From the definition of d(-,-,-) and Step 1 - iii of Algorithm 2.1, it follows that, if dj, = 0,
then  := di + dj is solution of the quadratic program.

min %( H Y+ (Vf(z), )
s.t. gj(wx) +(Vgj(zr), ) < —ldell” +gj(zx) + (Vgj(zr), di) — gj(or +di), j=1,...

From the second order expansion about zj of g;(zx + di), 7 = 1,... m, it can be seen
that  is solution of the same quadratic program as the one for dg with right hand side
perturbed by O(||dx||?). Thus in view of Proposition 3.5-iii, for k large enough,  satisfies,
together with some multiplier vector . , the condition

Hy + Vf(zg)+ Z i Vgj(zg) =0

7 x

g9i(zk) + (95 (zk), &) = O(ldil?) Vj € I(z*).

Since dg, with some multiplier i, satisfies that same equations but with 0 in the right hand
side and since, in view of (3.1), (3.4), Assumption A3 and the second order sufficiency
condition of optimality on x*, the linear system is uniformly invertible, it follows that

k= dy + O(||dx]*)-
Since, from the definition of dy and py and the properties of d!(-) we have
de = dy + (ldzll*) ,

if follows that ~
dr = O(||dk||?) (A.9)

The considerations above also imply that, for k£ large enough, the set of active constraints
for (2.6) is I(x*), and thus

gj @k + di) + (Vg;(zr), di) = —|ldil”, j € I(z*) . (A.10)
With (A.9) and (A.10) established, since 7 €(2,3), the claim can be proved identically to
Proposition 4.8 in [10], using Lemmas Al and A2 and Proposition 3.5 using the fact that,
since v > 2 and both d) and dj, go to 0,
di = dy, + (dy — dp)O(lldg|l”) = dy, + O([ldy*).
Ac nowledgements. The authors wish to thank J.L. hou for running all the numerical

experiments.
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