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A simple scheme is proposed or handlin nonlinear e ualit constraints in the conte t o a pre
viousl introduced se uential uadratic pro rammin ( P) al orithm or ine ualit constrained
problems, eneratin iterates satis in the constraints. he e is an idea due to a ne and
Pola (Math ro r,vol. 11, pp. 6 -8 , 19 6) b  hich nonlinear e ualit constraints are treated
as t pe constraints to be satis ed b all iterates, thus precludin an positive value, and an
e act penalt term is added to the ob ective unction, thus penali in ne ative values. a ne
and Pola obtain a suitable value o the penalt parameter b iterative ad ustments based on a

test involvin estimates o the multipliers. e ar ue that the P rame or allo s ora
more e ective estimation o these multipliers, and e provide conver ence anal sis o the resultin
al orithm. umerical results, obtained ith the code, are reported.

O onstrained optimi ation, nonlinear e ualit constraints, se uential uadratic

pro rammin , easibilit

T CT

Let den tet e set rea n ers t e set rea ect rs
and t eset natra n ers. 1ien den test e t ¢ nent
te ectr . ientw ectrs den tes t e standard inner
rdct n and t estandard cidiann r . T indicatet atas etric
atri is  siti e de nite we write . T en tati n is
sed t den te a se ence ect rs wit indices in t e inde set i
t es scritis itted isass edt e . ina  we write t

indicate t att ese encec n ergest nt ein nite inde set
his research as supported in part b rant o. 9 1 286 and b the n i

neerin  esearch enters Pro ram 88 12.



2 . . a renceand A. . its

C nsidert e r e

in

S.t.
w ere and are
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r e swie rcinga iteratest re ain easi e i.e. t satis a c nstraints .
Ad antages easi eiterates are disc ssed in . iee ait c nstraintscan
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iterate ra ew r aesit ssi et sea resatisact r sce e r sed
a ne and a int ec nte t rst rder et ds easi e directi ns and

ater sed ers itsin  and ¢ needin . T eir sc e e c nsiders
t ereated a i ine ait c nstrained r e s
in
S.t.
w ere . tisceart at arge sitie a es enai e iterates satis ing
rs e wie easiiit rte died r e
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di erentia e enat nctin ie.tes tin crres ndst t at r
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generating a se ence ints easi e rte died r e wie
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tece cients te r ectin int t es aces anned t ee ait
and acti e ine ait c nstraint gradients. we er n ninear ¢ nstraints acti e
att e i it tese ence igtnt eactieatan iterate. rtisreas n
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ara eter . ndeed t ese ti iers are er w ene ert e c rres nding is
signi cant negati e w ic is recise asit ati n w ere increasing is i e t
eneeded. t er aternati esarea aia et g . se we are t generate a

se ence . reac den te t e T ti ders r
ass ciated wit t e ineari ati n . ec d setisin r atin
in ne tw was. irst wec dsi dee a c¢ nstraint actie r at
W ene er ands et e easts ares r e asin aneand a s

sce e T isei inatest eneced r . Aternatie wec d ae rter se
t e sand esti atet ee ait c nstraint ti iers at ast ec e cients
te r ectin nt t es aces anned t e
gradients t ee ait c nstraints at . T atis wec d set e ti iers
r tec tatin te directi n at as rine ait c nstraint
ti ier esti ates at ands e rtee ait c nstraint ti ier esti
atest r g t e easts ares r e .T isas ei inatest eneed r and
rt er t esie t e easts ares r e isred ced. nt is a er we in esti

gate inc r ratingt e a ne and a sce e di eda ngt e ines t is
sec nd aternati e int t eag rit
T e aance t is a eris rgani ed as ws. n ectin we resentt e
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¢ nc dingre ar sin ecti n
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and t ec e entar sac nessc nditi ns
are satis ed. i iar a int is a T int r it eree ist
n nnegati e ti iers and satis ing
T e wing r sitin nd in iscr cia t rde e ent. einc de
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for

Proof. T e ass tint at is a T int r i ies t ere e ist

ti iers and sc tat

ds. Additi na i dest at . sing t ese
acts and t e de niti n in gi es wit s e rearranging
T s etting and we see
tat isa T int r wit ti iers and |

A g rit e wisane tensin t eag rit gienin . Ass ggested
in ectin cnsiders ingte r e ra ed . Let e
t e ¢ rrent iterate and et eas etric siti ede nitea r i atint
t e essian t e Lagrangian r at . n rdert c nstr ctanew iterate in
sc awa t at ca s erinear c n ergenceis g aranteed and easi iit rt e

di ed r e is aintained t e ag rit r sedin er r s a searc
a ngan arcde ned t reedirecti n ect rs. T e rst directi nist e standard

directi n w ic we ca and is de ned as t es tin
Tes tin a nt ieda easi e searc directi n r

tit ec es easi ei tited an a nt t ward a strict easi e descent
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directi n . n isseectedt eacntin s a s c

t at is er i isa T int r and is a strict easi e descent

directi ni  isn ta T int see .T ec rrected directi n is r edasa

cne ¢ inati n and ie. w ere

T reser et e asi ewt nc aracter t eiterati n st ec senc set
. Acc rding wing isde nedins ¢ awa t at
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S erinear ¢ n ergence a C rrecti n isc ted. tisc sen
s tatc set as tin is easi e and
c n ergest again see .AnAr i t esearc isten er r eda ngt e
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Ass ggesteda et e ti jeresti atest e sed r datingt e enat
ara eter are tained s ingt e wing east s ares r e r

in

w ere are t e ti iers ¢ rres ndingt t e ineari ati ns
in . n iew  Ass tin gien an t e ass ciated
ra atri rt e easts ares r e is siti ede nite encet e wing
r sitin st d.

Under the current assumptions, the solution of 18
uni ue and continuous as a function of and

ina t e enat ara eter isc ared against t e st negati e te
e ait c¢ nstraint ti ier esti ates and i necessar dated s t at it is
arger in agnit det ant is ti ier. earen wread t statet eag rit
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i C te and set

w C te . set
Step 2 rc search C te t e rstn er int ese ence
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v et
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sing ti ier esti ates at t e current iterate and t e a g rit  again atte ts
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directi n wi enner andt e ag rit wi eawa r t eineasi e
int.
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t addt t etestin Step 4% rincreasingt e enat ara eter a ¢ nditi n

t at wasn tneededin . it tt eadditina cnditin it a a ent at
t e dated eadst arge ti iers in int rn rcing an
t er increase .Tisc dres tina r nawa en en n wit

di ergingt in nit. it t e re stringent test in ace we er t is cann t

ote that, i , this test is no lon er re uired
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ccr asitw di t at and . n iew te n
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t e se ence generated A g rit is nded
t ent eree ists ¢ nstants sc tat ra
T e wingres tn w ws direct T r sitins . . and

lgorithm  is ell de ned ie Step 2 is ell de ned

Moreover, i given , and , if, and only
if, is a point for , and 4 if the algorithm never stops in Step i,
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accumulation point of s a point for
eti Agrit generates a nite se ence ter inating at t est ing
criteri n and easi iit r erties t e ag rit g arantee t at is a T
int r . estateand r et isasa r siti n.
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t att isisindeedt ecase t isres twasin r a in edin ecti n
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of the least s uares pro lem

in

here  is the multiplier associated ith the lineari ation of the ine uality constraint

in the computation of via If is such that
, then implies s
te
Proof. se . stit ting t e de niti n and
int t ec nditi ns and ieds rs e and
e ning
we can rewrite as
ince ist es tin t e easts ares r e te wing rt g nait

¢ nditi ns st d

n iew and Ass ti n wei ediate c¢nc det at and
ince ass ti n

it ws t at n iew tec e entar sac ness

¢ nditi ns in t isi ies a

en wneedt esta is t at nder an additi na ass ti n is increased
n  nite an ti es. T esec ndc nditi nin Step 4ii is cr cia.

If the in nite se uence generated y lgorithm  is
ounded, then s increased only mnitely many times

Proof. ¢ ntradicti n. se is increased in nite ten. ence t ere
e ists an in nite inde set sc t at ra . ince
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we see r  Step i A g rit t at and t e wing ¢ nditi ns
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r r sitin t at at east ne ti ierse ence stas e
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s stit ti ns

w ere and
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ince at east ne t e se
wit t ss  generait e ne
r ¢ nstr cti n
ra incet ese ences ¢ e cients
nded and t e se ence is nded

an in nite inde set and ect rs

and

i
i.e. t ese ences a e acc ati n  ints.
¢ ntin it ass ti ns i t at
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and an inde
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ra and
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ass tin t ere st e ist
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and
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are nded. ence since is nded di iding tr g
and ta ingt e i itas g est in nit ieds
ince we n wt at . i iding tr g and ta ing

t e i it nce again ieds

T s ran sc¢c tat we st ae T ere re since
¢ ntradicts Ass tin . O

..Ter t e receding e aisgreat si iedint e case

w en n ine ait c nstraints are resent in i.e. in act ins ¢
case t e additi na test in Step i A g rit isn ngerre ired. T e
e di erence iesint e actt atwe a cnc der r sitin . t at
t e se ence east s aress ti ns is nded wit n ass tins e nd

ndedness . T isdirect i idest ecai since i were increased
in nite an ti esitw ddierget in nit andt eine ait

in

w d d nanin niteinde set in ¢ ntradicti n wit ndedness

ere r ing r ainres t weneed ne rter rei inar e a.

et s , and ith, for all s
Suppose that and ith et
and let e the associated multipliers for
inally, for all , let , and let e the associated
multipliers for hen and
Proof. n iew  Ass tins and t e easi eset r as a
nne t interir ra and a . e a direct a ares t
anie t cnc det att e a ing isc ntin s at
. T s we ae . et singanarg entidentica t t at sed
inLe a . wecans wt att ese ence is nded. r ceeding
¢ ntradicti n s sen wt at desntcnerget . nd
edness i  ies t ere e ists an in nite inde set and
sc tat Ta ing i its in and s wst at
is a Ttri e r .ot i ies ni eness t e

Ttri eeT s we aeac ntradicti n andt eres tis r ed. O

earen wina sitint r e r ainres t.
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If lgorithm  generates a ounded in mnite se uence ,
then every accumulation point  is a point for
Proof. n iew Le a . as is nded isincreased n  nite
an ti es. se ise ent a ed at i.e. ra W ere
is nite. e nw r r sitin . t at an acc ati n int st ea
T int r . Let t e in nite inde set esc t at and
w ere we n ws ¢ and e ist r Ass ti n
. n iew r sitin . is a T int r and
e a a Le a . t cnc det at
and w ere ist e ni e ti ier r . et wes w
t at .As re ains ed ater wec nc de r

Step i Ag rit t at

in
ra n iew and Step i A g rit i dest at
T is a ngwit t enr c nditi nin Step i g aranteest at as
we . ince itis cear r Step i A g rit t at
ence wic i iest at sing t e
¢ ntin it r sitin . weseet at
in
ina we a in e Le a . t cnc det at
incet eag rit  generates iterates t at are easi e r we are g aranteed
t at w we si a r sitin . andt e r
isc ete. 0O
T e re iset at t e se ence e nded is n t as
restricti e asit a see . tcan eins red e.g. inc ding in a r riate
si e nds ntec nents since in t e resent ¢ nte t a iterates
satis t eine ait c nstraints .
.. Aswast ecase rLe a . ter t e recedingt e re
a esi iedi n ine ait c nstraints are resent in . Let den te
tes tin wit . n iew Le a . as is nded we
nwt at is increased n nite an ti es. seitise ent a ed
at t atis ra w ere is nite. r sitin . te s st at
st ea T int r and t at As re ains edater

wec nc de r  Step i A g rit t at in r
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a ¢ ntin it r sitin . we ae
in

e anwin elLe a . t cnc det at i.e.

ina in iew r sitin . weseet at isa T int r

n rder t tain a res t ¢ ncerning t e rate ¢ n ergence A g rit
ass en wt at and are t ree ti es
cntin s di erentia e. T e wing r  siti n is essentia  a restate ent

r sitin . in

If some accumulation point  of the se uence gen

erated y lgorithm  satis es the second order su ciency conditions ith strict
complementary slackness, and the se uence is ounded, then the entire se uence
converges to

ewi as needan ass ti nc ncerningt e essian dates . T atis
stsita a r i atet etr e essian t e Lagrangian att e acc ati n
int as de ned r sitin . in rdert tain ast ca c n ergence.
Let et e na a ereac ed and et et e Lagrangian ncti n
rte died r e . Let and et e T ti ier ect rs

ass ciated wit r isa T int r in iew r siti n
Let et e atri w sec ns are t e gradients t se c nstraints acti e

at ea atedat . ina denete r ectin atrices

as

w ere ist edirecti n ect rc ted in Step i .

T e wing res tis adirectc nse ence T ere . in

Suppose that the se uence generated y lgorithm
converges to a point here the second order su ciency conditions of optimality,
ith strict complementary slackness, hold  hen converges to  t o step
superlinearly
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L TAT A CAL LT
Ag rit as eeni e entedin inc destw ac ages is
a rtran i e entatin wie isaCi e entati n see . er
sin . was sed r r tests. n t e strict easi e descent
directi n isc tedastes tin te ins ired t e

s ggesti ns in

in -
S.t.
w ere . T ec e cient is de ned as
w ere a and . ina t ec rrecti n
isc tedast es tin te again ins ired
in -
s.t. in
in
rscaing r sest e i e entati nsact a assignadi erent enat

ara etert eac n nineare ait ¢ nstraint. T e enat ara eter dateis
t en as WS

a i and
a
e se.
r T eana sisin ecti n sti ds wit itte di cati nw en
t is datesc e eis sed. Linear a ne e ait c nstraintsd n t a ean ass
ciated enat ara eter and aren tinc ded in rt ecac atin C

e w sincet e sa t atica generate directi nst at are easi e rt ese
¢ nstraints. T ere re t e ine searc g aranteest at a iterates satis a inear

a ne e ait ¢ nstraints. rt er t e ti iers generated r
t ea nee ait c nstraintsare sedint e easts ares r e rc ting
t eesti ates t en ninear e ait c nstraint ti jers. T e a es te

ari s ag rit ara eters sed rtetest r e sareas WS

and . Additi na ra r e swe sed

and . tet att escarea dea t a esin
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An t er in r di erence etween A g rit and t e i e entati ns
ist est ing criteri nin Step ¢. n rdert ens reter inati n ater a nite
n er iterati ns weneedt rea t est ingcriteri n sed in A g rit

eci ca gient e sers ied ara eters t ei e entedst ing

criteri n re ires
and C

W ere

ntecaset at is er s a t C t ei e entatin S
i ediate t t e enat ara eter date Steps i and i

Ta e istst eres ts tained ntest r e staen r and . T

r ses ¢ aris n as istedaret eres ts tainedw ent etest r e s
werer n sing r te arwe s r tine i rar dieds t att e
st ing criteri n wast esa e ast at in see e w. A ¢ tati ns
were er r ed na n A Cstatin Cind e recisi nandt e gradients
were ¢ tedana tica . nTa e indicatest e r e n er as isted in

andt esec ndc n A indicatest e ag rit sedt s eter e

C rAgrit asi e entedin and r . and  are as
de nedin ectin wie ist en er nonlinear e ait c¢ nstraints.
and Cindicatet en er ecti e ncti ne a ati ns and sca ar ¢ nstraint
ea atins resectie . Tist en er iterati nst at werere iredt eet
t e st ing criteri n. iste a e te ecti e nctinatt e na
iterate and istenr t e directi n at t e na iterate. C is as
de neda e ina an inc n indicatest att e gi eninitia  int was
nteasi e rte rigma r e wiea indicatest atitwas. T est ing
criteri n ara eter wassett . ra r e secet w ere it was
. and w ereit was . increasedd et s wc n ergence. T e t er
st  ing criteri n ara eter was set t . ra r e s.

era t eres tsinTa e are a ra e ie. a earst ec etiti e.
isas ani e entatin an a g rit t it is not a easi e
directi nagrit . new dcear e ectt eagrit re iring easi iit
t eats e disad antage er an ag rit ntre iringtis r ert. n
a erage d es re ire ewer iterati ns and ncti n e a ati ns tnt
signi cant ewer ece tt att en er ¢ nstraint ncti n e a ati ns is
n ticea s aer ase ectedin iew t e easi iit re ire entsin

rt er st rst generate a easi e initia inti sc a intisnt

r ided. Tis ¢ rse rterrns ten er ncti ne a ati ns.

peci call , i min 5 1 , here is the machine precision.
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e ae resentedandana eda dicatin asce e rigina r sed

aneand a r andingn ninear e ait c nstraintsin easi e directi n
agrit s. es wed wt e cient incr ratet esc e eint asec nd rder
ag rit aing se teaaia e ti ieresti ates r tec tati n

t e directi n. T e ri ar ad antage ada tingt e a ne a sce e
ist at wit ittee trae rt we tain an e act di erentia e enat ncti n.
Tisa idsten erica r e sin ed wit a ingt increase a enat
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onlinear  ualit onstraints in P

A @)
1 15 26 9 . 952 18 12 .19 5 .8
A% 11 11 1 5592266 2 21 . 1 .19
1 5 9 12 1 2581 1 .26 .29
Y 12 12 1 1 2581 1 11 8 .1
1 8 9 1 .2656 1 1 .86 11
\% 1 1 29 . 6 661 51 1 .99 .51
1 16 26 1 . 91855 1 .9
\% 2 2 2 . 9996995 1 . 6 8
2 1 56 1 1 1 52 . 8 8
Y 12 2 11 1 289 1 .58 .29 5
5 2 5 .25 2 1 5 1
\% 5 15 5 .25 19 21 .15 5
1 9 15 6 .1 85 86 2 2 5 .16 8
\% 1 1 .1 85 86 2 15 5 9
2 18 18 .1 81289 1 2 1 6
Y 19 8 1 .8 58 11 2 .2 .62 6
21 16 2 . 181 8 6 11 .9 5 .1 8
\% 99 2 . 5 8 81 11 .89 11
1 8 18 8 . 25682 26 1 .5
\% 9 9 . 25682 2 1 .22 . 5
1 9 1 8 961 151 2 2 6 .5 8
Vv 8 8 961 15165 11 .59 5
1 1 d1 1 1 2 11 112
\% 5 1 5 1 1 1 2 .59 5 .82
2 16 9 1 5126 9811 .59 5 2 6
Y 12 6 12 5126 9811 .6 8 1 9
2 15 8 16 .51 1269 11 5 .5 9
\% 1 5 1 51 12 21 11 .5 11
2 1 51 12 .2 15 5129 .99 5 .6 9
\% 16 2 15 .2 15 5125 .26 .68
.2919 2 1 .66 5 . 5
Y 9 2 8 .2919 1 1 .1 6 .29
12 12 .8 6826 1 8 .1
\% 11 1 . 8 6821 1 61 5 12
1 8 1 5998 8 1 1 6 . 6
\% 21 59 98 1 91 11
1 1 26 1 .8 . 8 .
\% 8 16 8 .8 1 . 5 .5
1 1 19 59 12 8 11 .69
A% 16 2 1 .8 .82 .98
2 2 15 15 2 .999999999 .82 .25
\% 18 2 1 1 1 .21 5 .
1 2 6 2 6 .91 16 1 .15 .56
A% 9 2 .91 1 1 .82

=
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